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This paper, referring to Rockafellar[11] and other Japanese literatures, presents,
ﬁrst, certain continuity and monotonicity properties of subdifferential ∂f of closed proper
convex function f on Rn, and second, to the graph G∂f , (x,x∗) ∈ G∂f ⊂ R2
if and only if x∗ ∈ ∂f(x).
This subject is useful for the study of the differentiability of a proper convex
function.
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?????? 63 ?? 3 ?
∂f : x ∈ Rn → ∂f(x) ⊂ Rn
?????? dom∂f  {x | ∂f(x) = ∅}??????
(domf)I???⊂ dom∂f ⊂ domf???
?????4) ??dom∂f ??????????5)??????? ∂f ???
range∂f 
⋃
x∈Rn
∂f(x)
???????? [9]? 5.1????range∂f = dom∂f∗ ??????
(domf∗)I???⊂ range∂f ⊂ domf∗???
????
???????? ∂f ????????????????????∂f ??
?? G∂f ????????
G∂f =
{
(x,x∗) ∈ Rn×Rn
∣∣ x∗ ∈ ∂f(x)}
?????????????? f : Rn → R ∪ {∞}????????????
?????????????? f ??? Lipchitz?????????????
???????????????????????????????
§ 1. 1?????
?????? 1?????????
?? 1 f : R → R ∪ {∞}, domf = (domf)a?????????????
??????? f ′+?????? f ′− ??????{
domf ???? x ∈ R??????f ′− = f ′+ =∞,
domf ???? x ∈ R??????f ′− = f ′+ = −∞
???????????x ∈ R?????
∂f(x) 
{
x∗ ∈ R
∣∣ f ′−(x)  x∗  f ′+(x)}
4) ?? [9]?? 4
5) ?? [9] ?? 9
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??????????????????
???????????????????????
(1) f ′+, f ′− ??(domf)I ????????R?????????????
???
z1 < x < z2 =⇒ f ′+(z1)  f ′−(x)  f ′+(x)  f ′−(z2).
(2) ??? x ∈ R????? limz↓xf
′
+(z) = f
′
+(x), lim
z↑x
f ′+(z) = f
′
−(x),
lim
z↓x
f ′−(z) = f
′
+(x), lim
z↑x
f ′−(z) = f
′
−(x).
?? (1)????x ∈ dom f ???? f(x+ θ)− f(x)
θ
? θ > 0?????
??????6)?f ′+, f ′− ???????
1. f ′+(x) < +∞⇐⇒ x? dom f?????????????
2. f ′−(x) > −∞⇐⇒ x? dom f????????????.
∴ 3. x ∈ (dom f)i ⇐⇒ f ′+(x), f ′−(x)???????
????? [9]?? 2????x ∈ domf ????
f ′+(x)  lim
z↓x
f(z)− f(x)
z − x = limθ↓0
f(x+ θ)− f(x)
θ
= f ′(x; 1),
f ′−(x)  lim
z↑x
f(z)− f(x)
z − x = limθ↓0
f(x− θ)− f(x)
−θ = −f
′(x; −1),
??????? [9]?? 1??????? f(x+ θ)− f(x)
θ
? θ > 0??????
??????
f ′−(x) = sup
θ<0
f(x+ θ)− f(x)
θ
 inf
θ>0
f(x+ θ)− f(x)
θ
= f ′+(x).(1.1)
???x ∈ domf ????f ′−(x)  f ′+(x)??????????z1, z2 ∈ domf, z1 <
x < z2 ??????
f ′+(z1) = f
′(z1; 1) = inf
θ>0
f(z1 + θ)− f(z1)
θ
 f(x)− f(z1)
x− z1 =
f(z1)− f(x)
z1 − x
 sup
θ<0
f(x+ θ)− f(x)
θ
= −f ′(x; −1) = f ′−(x)
6) ?? [9]?? 1
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?????? 63 ?? 3 ?
 f ′+(x) = f ′(x; 1) = inf
θ>0
f(x+ θ)− f(x)
θ
 f(z2)− f(x)
z2 − x =
f(x)− f(z2)
x− z2
 sup
θ<0
f(z2 + θ)− f(z2)
θ
= −f ′(z2; −1) = f ′−(z2)
?????????
f ′+(z1)  f ′−(x)  f ′+(x)  f ′−(z2)
??z1, z2 ∈ domf ??????????
(2)????????????
f ′+(x)  lim
z↓x
f ′−(z)  lim
z↓x
f ′+(z), lim
z↑x
f ′−(z)  lim
z↑x
f ′+(z)  f ′−(x),
?????????????
? f ′+(x)  lim
z↓x
f ′+(z), lim
z↑x
f ′−(z)  f ′−(x),
?????????????? ε > 0?????? [x, x + ε) ∩ domf = ∅?
? x ∈ R?????????????????????? ε > 0??????
(x− ε, x ]∩ domf = ∅?? x ∈ R????????????????????
???? ε > 0?????? [x, x+ ε) ⊂ domf ?? x ∈ R????????
??????????? ε > 0?????? (x− ε, x ] ⊂ domf ?? x ∈ R?
?????????????????????????
?????????????????? ε > 0?????? [x, x+ε) ⊂ domf
?? x ∈ R???????????????????????????????
(x, x+ε)?? y(x < y < x+ε)??????????? z  x+ξ(y−x), ξ ∈ R+
?????? [4]?? 10?????
lim
z↓x
f(z) = lim
ξ↓0
f (x+ ξ(y − x)) = f(x)
???????????(1.1)????????????
f(y)− f(x)
y − x =
f(y)− limz↓xf(z)
y − limz↓xz = limz↓x
f(y)− f(z)
y − z  limz↓x f
′
+(z).
∴ lim
y↓x
f(y)− f(x)
y − x = f
′
+(x)  lim
z↓x
f ′+(z)? 
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??????????????????
? 1 ????? f : R→ R ∪ {∞}?
f(x) 
{
|x| − 2√1− x for − 3  x < 1,
+∞ for x < −3, 1 < x, x ∈ domf,
?????????????????
f ′+(x) =

+∞ for 1  x,
1 +
1√
1− x for 0  x < 1,
−1 + 1√
1− x for − 3  x < 0,
−∞ for x < −3.
f ′−(x) =

+∞ for 1  x,
1 +
1√
1− x for 0 < x < 1,
−1 + 1√
1− x for − 3 < x  0,
−∞ for x  −3.
??????????????x ∈ R?????
∂f(x)  {x∗ ∈ R | ∀z ∈ R : f(z)  f(x) + x∗(z − x)}
= {x∗ ∈ R | f ′−(x)  x∗  f ′+(x) }.
∴ ∂f(x) =

∅ for 1  x
1 +
1√
1− x for 0 < x < 1,
[ 0, 2 ] for x = 0,
−1 + 1√
1− x for − 3 < x < 0,(
−∞, 1
2
)
for x = 3,
∅ for x < −3.
? 2 ?????????????? f : R→ R ∪ {∞}?
f(x) 

0 for x > 0,
1 for x = 0,
+∞ for x < 0, x ∈ domf
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??? 1???????????? (2)?????????????????
???
f ′+(x) =
{
0 for x > 0,
−∞ for x  0
????f ′+ ? x = 0?????????????
?? 1 f : R→ R ∪ {∞}???????ϕ : R→ R ∪ {−∞, ∞}?
∀x ∈ R : f ′− (x)  ϕ(x)  f ′+(x)
?????????
ϕ+ (x)  lim
z↓x
ϕ(z)?ϕ??????,
ϕ−(x) lim
z↑x
ϕ(z)?ϕ??????,
?????????
(1) ϕ??????????
(2) f ′+ = ϕ+, f
′
− = ϕ−? ???? x ∈ R?????
∂f(x) 
{
x∗ ∈ R
∣∣ f ′− (x)  x∗  f ′+ (x)}
=
{
x∗ ∈ R
∣∣ ϕ−(x)  x∗  ϕ+ (x)}?
?? (1)????x1 < x2 ?????λ(0  λ  1)????????
λf ′−(x1) + (1− λ)f ′+(x1) = ϕ(x1), f ′−(x2)  ϕ(x2),
????????????
ϕ(x2)− ϕ(x1)  f ′−(x2)− λf ′−(x1)− (1− λ)f ′+(x1)
= {f ′−(x2)− f ′+(x1)}+ λ{f ′+(x1)− f ′−(x1)}  0.
(2)???????????
f ′+(x) = lim
z↓x
f ′−(z)  lim
z↓x
ϕ(z) = ϕ+(x)  lim
z↓x
f ′+(z) = f
′
+(x),
f ′−(x) = lim
z↑x
f ′−(z)  lim
z↑x
ϕ(z) = ϕ−(x)  lim
z↑x
f ′+(z) = f
′
−(x)? 
?? 2 a ∈ R???ϕ : R→ R ∪ {−∞, ∞}? ϕ(a)??????????
???????ϕ+ ? ϕ??????ϕ− ? ϕ??????????????R
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??????????????????
????
f(x) 
∫ x
a
ϕ(t)dt
??????? (1)(2)(3)??????
(1) f ????????????????????
(2) f ′− = ϕ−  ϕ  ϕ+ = f ′+.
(3) f ?????????? g : R→ R ∪ {∞}??g′−  ϕ  g′+???????
g = f + α??? α ∈ R??????
?? (1)????ϕ(x)???? x ∈ R???? J ????ϕ(x)????
????????x ∈ Ja ?????f(x)????????????????
???????????????Ja ????? x?????f(x)?????
??????
f(x) lim
y→x
∫ y
a
ϕ(t)dt = lim
y→x
f(y), y ∈ J I(1.2)
???????????????x ∈ Ja ???????? f(x) = +∞???
??f(x)? J ???????????????f(x)? R?????????
???????????? [4]?? 2??? 7???? (1)????????
??????f(x)? J ????????????
x, y ∈ J , x < y, z  (1− θ)x+ θy = x+ θ(y − x), 0 < θ < 1,
?????
f(z)− f(x) =
∫ z
x
ϕ(t)dt  (z − x)ϕ(z),f(y)− f(z) =
∫ y
z
ϕ(t)dt  (y − z)ϕ(z),
f(z)− f(y)  (z − y)ϕ(z),
??????
(1− θ)[f(z)− f(x)] + θ[f(z)− f(y)]
 [(1− θ)(z − x) + θ(z − y)]ϕ(z) = 0.
∴ f(z)  (1− θ)f(x) + θf(y).
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(2)????x ∈ J ??????
∀z > x :

f(z)− f(x) =
∫ z
x
ϕ(t)dt  (z − x)ϕ(x),
f(z)− f(x)
z − x  ϕ(x),
∀z < x :

f(x)− f(z) =
∫ x
z
ϕ(t)dt  (x− z)ϕ(x),
f(z)− f(x)
z − x  ϕ(x),
??????
f ′+(x) = lim
z↓x
f(z)− f(x)
z − x  ϕ(x),
f ′−(x) = lim
z↑x
f(z)− f(x)
z − x  ϕ(x).
???x ∈ J ?????????????????????? 1??????
????
(3)???? ?? 1????? 1????x ∈ (domg)I ?????????
x ∈ (domf)I ?????????
−∞ < g′−(x) = f ′−(x)
= ϕ−(x)  ϕ(x)  ϕ+(x) = f ′+(x) = g′+(x) <∞
??????
x ∈ (domg)I??? x ∈ domf, ????(domg)I ⊂ domf,
x ∈ (domf)I??? x ∈ domg, ????(domf)I ⊂ domg.
????{
(domg)I =
[
(domg)I
]I ⊂ (domf)I,
(domf)I =
[
(domf)I
]I ⊂ (domg)I.
???(1)??????????????? J ⊂ domf ⊂ Ja??? [1]?? 19
????
J I ⊂ (domf)I ⊂ (Ja)I = J I
???????????
(domg)I = (domf)I = J I(1.3)
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??????????????????
???????????? [4]?? 7? 2????????J I ?? g = f +?
?????????????????????J ? 1??????????
??????????J I = ∅??????????h  f − g ?????? 1
????J I ?? f ′+, f ′−, g′+, g′− ????????????????????
???????x ∈ J I ?????
h′+(x) = f
′
+(x)− g′+(x) = 0, h′−(x) = f ′−(x)− g′−(x) = 0
?????????????? h  f − g ? J I ?????????????
???? 
? 2.1 I(⊂ R, = ∅)?????f : I → R???????????????
∀x, y ∈ I : f(y)− f(x) =
∫ y
x
f ′+(t)dt =
∫ y
x
f ′−(t)dt.
?? f ? R????????????????ϕ  f ′− ???7)??? [5]
?? 1????R??????????? f ??I ?????????????
1?????????ϕ  f ′− ? I ???????????ϕ(xi) < ϕ+(xi), i =
1, · · · , n, x1 < x2 < · · · < xn ??? xi ∈ I ????????????????∫ xn
x1
f ′−(t)dt =
∫ xn
x1
ϕ−(t)dt =
∫ xn
x1
ϕ(t)dt =
n−1∑
i=1
∫ xi+1
xi
ϕ(t)dt
=
n−1∑
i=1
∫ xi+1
xi
ϕ+(t)dt =
∫ xn
x1
ϕ+(t)dt =
∫ xn
x1
f ′+(t)dt,
????????????????????????a ∈ I(x < a < y)???
????∫ y
x
f ′−(t)dt =
∫ a
x
f ′−(t)dt+
∫ y
a
f ′−(t)dt
=
∫ a
x
ϕ(t)dt+
∫ y
a
ϕ(t)dt = f(y)− f(x)
=
∫ a
x
ϕ+(t)dt+
∫ y
a
ϕ+(t)dt
7) ϕ  f ′+ ????????
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=
∫ a
x
f ′+(t)dt+
∫ y
a
f ′+(t)dt =
∫ y
x
f ′+(t)dt? 
?? 1 ??????? complete non-decreasing curve
????? ϕ : R→ R ∪ {−∞, ∞}, domϕ = ∅????????
Γ 
{
(x, x∗) ∈ R×R
∣∣ ϕ−(x)  x∗  ϕ+(x)}
????????????
??????????????????????????????????
????
I 
{
x ∈ R
∣∣ ∃x∗ ∈ R : (x, x∗) ∈ Γ}
?????????????????????????? (x, x∗) ∈ Γ → x+x∗ ∈
R??????????????????8)???????? Γ ?????
???????????????????? R2 ?????????????
??9)?
?? 3 ????? f : R→ R ∪ {∞}???? ∂f : R→ R???? G∂f ,
G∂f 
{
(x∗, x) ∈ R×R
∣∣ x∗ ∈ ∂f(x)}
???????????????
(1) G∂f ? R2 ???????? Γ ????
(2) f ????????????Γ ???????????
?? ??????????????
∂f(x) 
{
x∗ ∈ R
∣∣ f ′−(x)  x∗  f ′+(x)}
????????????10) ? 
8) ??????ϕ ??????????
9) ????????? Γ ? R2 ??????????????????? (x1, x∗1), (x2, x
∗
2) ∈ Γ
?????x1  x2 ?? x∗1  x∗2???? x1  x2 ?? x∗1  x∗2 ???????????
??????????????????????????????????????????
????????????
10) ????????? f ′(x) ??? 1 ? ϕ ????????
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?? 2 ??????? Γ ?????
Γ ∗
{
(x∗, x) ∈ R×R
∣∣ (x, x∗) ∈ Γ}
?????????????????????? f : R→ R ∪ {∞}?????
Γ = G∂f ?????? [9]?? 5????f ????? f∗ : R→ R ∪ {∞}?
f∗(x∗)  sup
x∈R
{xx∗ − f(x)}
?????Γ ∗ = G∂f ∗ ???????????????
Γ =
{
(x, x∗) ∈ R×R
∣∣ f(x) + f(x∗) = xx∗} .
§ 2. ??????
1?????????????????????????????????
????????????????????????????????????
?? 4 ????? f : Rn → R ∪ {∞}???????? G∂f?
G∂f 
{
(x, x∗) ∈ Rn×Rn
∣∣ x∗ ∈ ∂f(x)}
?????????????Rn×Rn ??????
(xi, x∗i )i∈N , x
∗
i ∈ ∂f(xi), (xi, x∗i )→ (x, x∗)(i →∞)
?????x∗ ∈ ∂f(x)?
?? f∗ ? f ????? f∗ : Rn → R ∪ {−∞, ∞}?
f∗(x∗)  sup
z∈Rn
{〈z, x∗〉 − f(z)}
?????x∗ ∈ ∂f(x)???????
〈x, x∗〉 − f(x)  sup
z∈Rn
{〈z, x∗〉 − f(z)} = f∗(x∗)
?????
〈x, x∗〉 − f(x)− f∗(x∗)  0
????????????????????
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∀i ∈N : 〈xi, x∗i 〉 − f(xi)− f∗(x∗i )  0
???????? [4]?? 7????
0  lim inf
i→∞
[ 〈xi, x∗i 〉 − f(xi)− f∗(x∗i ) ]
= lim inf
i→∞
〈xi, x∗i 〉 − lim inf
i→∞
f(xi)− lim inf
i→∞
f∗(x∗i )
= lim inf
xi→x
x∗
i
→x∗
〈xi, x∗i 〉 − lim inf
xi→x
f(xi)− lim inf
x∗
i
→x∗
f∗(x∗i )
= 〈x, x∗〉 − f(x)− f∗(x∗).
????x∗ ∈ ∂f(x)? 
?? 5 C ⊂ Rn ?????f, fi : Rn → R ∪ {∞} ? C ??????
???(fi)i∈N ? C ??? x? f ???????????????????
x ∈ C ?????fi(x) → f(x)(i → ∞)???????????x ∈ C ???(
xi
)
i∈N
, xi ∈ C ? x????????????????????? x ∈ C
???????????????
(1) ??? y ∈ Rn ?????
(
yi
)
i∈N
, yi ∈ Rn ? y ????????
?????????
f ′(x; y) lim
θ↓0
f(x+ θy)− f(x)
θ
, f ′i(xi; yi) lim
θ↓0
fi(xi + θyi)− f(xi)
θ
?????
lim sup
i→∞
f ′i(xi; yi)  f ′(x; y),
????
∀y ∈ Rn : lim sup
i→∞
f ′i(xi; y)  f ′(x; y).(2.1)
(2) ??? ε ∈ R+ ?????
∃?? ixε∀?? i  ixε : ∂fi(xi) ⊂ ∂f(x) + εBn(0; 1),
????Bn(0; 1)? Rn?????
?? (1)?????? [9]?? 1????
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??????????????????
f ′(x; y) = inf
θ>0
f(x+ θy)− f(x)
θ
,
f ′i(xi; yi) = inf
θ>0
fi(xi + θyi)− f(xi)
θ
,
(2.2)
????????????µ > f ′(x; y)????????C ???????
???
x+ θy ∈ C, f(x+ θy)− f(x)
θ
< µ
???? θ ∈ R+ ???????? [5]?? 8????
lim
i→∞
fi(xi + θyi) = f(x+ θy), lim
i→∞
fi(xi) = f(x),
?????
lim
i→∞
fi(xi + θyi)− fi(xi)
θ
=
f(x+ θy)− f(x)
θ
< µ(2.3)
????????????????? j ?????
f ′j(xj ; yj) 
fj(xj + θyj)− fj(xj)
θ
< µ.
????
lim sup
i→∞
f ′i(xi; yi) < µ
?????????????? µ > f ′(x; y)???????????????
?? ε ∈ R+ ?????
lim sup
i→∞
f ′i(xi; yi) < f
′(x; y) + ε.
??????????(2)?????? [9]?? 4????f ′i(xi, ·), f ′(xi, ·)??
????????????? ∂fi(xi), ∂f(x)???????????
f ′(x; ·) = δ∗
(
· | ∂f(x)
)
 sup
x∗∈∂f(x)
〈x∗, · 〉,
f ′i(xi; ·) = δ∗
(
· | ∂fi(xi)
)
 sup
x∗∈∂fi(xi)
〈x∗i , · 〉
??????Rn ?????????????? [5]?? 8????????
x ∈ C ???????? ε ∈ R+ ???? z ∈ Bn(0; 1)?????
∃?? jxε∀?? j  jxε : f ′j(xj ; z)  f ′(x; z) + ε,
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????????? x ∈ C ???????? ε ∈ R+ ???? y ∈ Rn ??
???
∃?? ixε∀?? i  ixε :
f ′i
(
xi;
y
‖y‖
)
 f ′
(
x;
y
‖y‖
)
+ ε,
=⇒ f ′i(xi; y)  f ′(x; y) + ε‖y‖ = f ′(x; y) + ε
〈
y,
y
‖y ‖
〉
??????????? [3]?? 4??? [9]?? 1?
=⇒ δ∗
(
y | ∂fi(xi)
)
 δ∗
(
y | ∂f(x)
)
+ εδ∗
(
y | Bn(0; 1)
)
= δ∗
(
y | ∂f(x) + εBn(0; 1)
)
=⇒ ∂fi(xi) ⊂ ∂f(x) + εBn(0; 1). ??? [7]?? 1??? 
? 5.1 ???? f : Rn → R ∪ {∞}???????????????
(1) ??????? f ′ : (domf)i ×Rn → R∪ {−∞, ∞}????????
?????????
∀y ∈ Rn : lim sup
i→∞
f ′(xi; y) = f ′(x; y).(2.4)
(2) ??? x ∈ (domf)i ? ε ∈ R+ ?????δxε ?????
∀z ∈ Bn(x; δxε) : ∂f(z) ⊂ ∂f(x) +Bn(0; 1),
???? Bn(0; 1)? Rn ?????
Bn(x; δ)???? x???? δ ??? Rn ????
?? ?? 5?????C  (domf)i, fi(i ∈N) f ????
(1)?????? 5 (1)????
∀y ∈ Rn : lim sup
i→∞
f ′(xi; y)  f ′(x; y).(2.5)
???(2.2)(2.3)????
lim
i→∞
f(xi + θy)− f(xi)
θ
 f ′(x; y)
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????????? ε ∈ R+ ???????????????? j ∈ N ??
???
f(xj + θy)− f(xj)
θ
+ ε  f ′(x; y).
????
inf
θ>0
f(xj + θy)− f(xj)
θ
+ ε = f ′(xj ; y) + ε  f ′(x; y),
?????
lim sup
i→∞
f ′(xi; y) + ε  f ′(x; y).
ε ∈ R+ ????????????
∀y ∈ Rn : lim sup
i→∞
f ′(xi; y)  f ′(x; y).(2.6)
(2.5)(2.6)??????????
(2)?????? 5 (2)??????? x ∈ (domf)i ? ε ∈ R+ ?????
∃?? ixε∀?? i  ixε : ∂f(xi) ⊂ ∂f(x) + εBn(0; 1),(2.7)
?????????xi ∈ (domf)i ??x ∈ (domf)i ???????
(
xi
)
i∈N
?
??????????????? ixε ??? δxε ∈ R+ ??????
∀?? i  ixε : xi ∈ Bn(x; δxε),
???????(2.7)??
xi ∈ Bn(x; δxε) =⇒ ∂f(xi) ⊂ ∂f(x) + εBn(0; 1),
????????????? xi ? z ??????????????? 
?? 3 ?? 5?? 5.1?????lim sup???????????????
??????????????????????????????? 2???
???????????{
f : R→ R+, f(x)  |x |,
fi : R→ R+, fi(x) |x |pi , pi > 1, pi → 1, i ∈N
????????????????
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
f ′+(0) = f ′(0; 1) = lim
θ↓0
| θ |
θ
= 1,
f ′i+(0) = f
′
i(0; 1) = lim
θ↓0
| θ |pi
θ
= lim
θ↓0
θpi−1 = 0, i ∈N
??????????????????
?? 2 ??? f ′(x; ·)? y ???? z ?????
f : R → R ∪ {∞} ???????????? x ∈ domf ? f ′(x; y) ??
????? y ∈ Rn ???????? f ′(x; ·)? y ???? z ??????
f ′(x; y; ·)??????????????
f ′(x; y; z) lim
θ↓0
f ′(x; y + θz)− f ′(x; y)
θ
.
f ′(x; ·)??? 1?????????????? [2]????????
f ′(x; y + θz)  f ′(x; y) + θf ′(x; z)
??????
∀z ∈ Rn : f ′(x; y; z)  f ′(x; z).
?? 6 f : Rn → R ∪ {∞} ???????x ∈ domf ????????
(xi)i∈N , xi ∈ domf ? x??????x????????????????
??? 
lim
i→∞
xi − x
‖xi − x‖ = y, f
′(x; y) > −∞,
{
x+ θy
∣∣ θ ∈ R⊕} ∩ (domf)i = ∅
??????????????
(1) ∀z ∈ Rn : lim sup
i→∞
f ′(xi; z)  f ′(x; y; z).
(2) ??? ε ∈ R+ ?????
∃?? iε∀?? i  iε : ∂f(xi) ⊂ ∂f(x)y + εBn(0; 1).
????∂f(x)y ⊂ ∂f(x)???????????y ? ∂f(x)???????
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???11) ??????????????????
∂f(x)y 
{
x∗ ∈ ∂f(x)
∣∣ ∀z ∈ ∂f(x) : 〈 z − x∗, y 〉  0}
=
{
x∗ ∈ ∂f(x)
∣∣ 〈x∗, y〉 = sup
z∈∂f(x)
〈z, y〉
}
.
?? (1)????α ∈ R+ ??? S ?
x+ αy ∈ (domf)i, y ∈ Si, x+ αS ⊂ (domf)i
?????????P ? x? x+αS ???????P ⊂ domf ??????
???????????????????????? [8]?? 13?????
??????????z ∈ Rn ?????????????? θ ∈ R+ ????
y + θz ∈ Si ?????????????
εi ‖xi − x ‖ ∈ R+, yi xi − x‖xi − x ‖ , uiyi + θz,
x+ εiyixi, x+ εiui = xi + εiθz
??????????
? εi → 0(i→∞), yi → y(i→∞), ui → y + θz(i→∞)
??????
∃?? i(α, θ)∀?? i  i(α, θ) :
yi ∈ Si, ui ∈ Si, εi < α
=⇒ xi = x+ εiyi ∈ P , x+ εiui = xi + εiθz ∈ P
=⇒ 0 = f(x+ εiyi)− f(x)
εi
+
f(x+ εiui)− f(x+ εiyi)
εi
+
f(x)− f(x+ εiui)
εi
=
f(x+ εiyi)− f(x)
εi
+
f(x+ εiyi + εi(ui − yi))− f(x+ εiyi)
εi
+
f(x+ εiui + εi(−ui))− f(x+ εiui)
εi
 f ′(x; yi) + f ′(x+ εiyi; ui − yi) + f ′(x+ εiui; −ui)
11) ??????????????????? [9] ?? 4?
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=⇒ f ′(x; yi) + f ′(x+ εiyi; ui − yi)
= f ′(x; yi) + f ′(xi; θz) = f ′(x; yi) + θf ′(xi; z)
 −f ′(x+ εiui; −ui)  f ′(x+ εiui; ui). (?? [9]?? 1(2))
????
∃?? i(α, θ)∀?? i  i(α, θ)∀β ∈??? (0, α) :
f ′(x; yi) + f ′(xi; θz) = f ′(x; yi) + θf ′(xi; z)
 f ′(x+ εiui; ui)
= inf
β>0
f(x+ εiui + βui)− f(x+ εiui)
β
 f(x+ (εi + β)ui)− f(x+ εiui)
β
.
? lim sup
i→∞
[f ′(x; yi) + θf ′(xi; z)]
 lim sup
i→∞
f (x+ (εi + β)ui)− f(x+ εiui)
β
.
????????????? i ∈N ?????
εi + β < α,
x+ εiui ∈ P ,
x+ (εi + β)ui ∈ x+ αSi ⊂ x+ αS ⊂ P .
?? [5]?? 2????f ? P ??????????
?

lim sup
i→∞
f(x+ εiui) = lim
i→∞
f(x+ εiui) = f(x),
lim sup
i→∞
f (x+ (εi + β)ui) = lim
i→∞
f (x+ (εi + β)ui)
= f (x+ β(y + θz)) .
f ′(x; y)  f(x+ αy)− f(x))
α
???????????x+αy ∈ (domf)i ????
????? w ∈ Rn ?????λw ∈ R+ ??????x+αy+αλww ∈ domf ,
f ′(x; y + λww) 
f(x+ α(y + λww))− f(x))
α
,
????y ∈ [domf ′(x; · )]i??????? [5]?? 1????f ′(x; · )? y ?
??????????
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? lim sup
i→∞
f ′(x; yi) = lim
i→∞
f ′(x; yi) = f ′(x; y)?
???????????
∀β ∈??? (0, α) :
f ′(x; y) + θ lim sup
i→∞
f ′(xi; z) 
f(x+ β(y + θz))− f(x)
β
.
??????f ′(x; y) > −∞??????
lim sup
i→∞
f ′(xi; z) 
f ′(x; y + θz)− f ′(x; y))
θ
.
??????????????? θ ∈ R+ ???????????
lim sup
i→∞
f ′(xi; z)  f ′(x; y; z) lim
θ↓0
f ′(x; y + θz)− f ′(x; y))
θ
.
(2)????f ′(x; · )???? f ′(x; y; · )??????? 5???????
????????y ∈ [domf ′(x; ·)]i ???????? [9]?? 4 (3)????
∀z ∈ Rn : f ′(x; y; z) = sup
x∗∈∂f(x)y
〈x∗, z〉 ∈ R. 
?? 7 f : Rn → R ∪ {∞}???????S ⊂ (domf)i ????????
???????????????????
(1) α  sup
x∗∈∂f(S)
sup
g‖z‖=1
〈x∗, z〉?????α???????
(2) ∀x ∈ S∀z ∈ Rn : f ′(x; z)  α‖z‖.
(3) ∀x, y ∈ S : ‖ f(y)− f(x) ‖  α‖y − x ‖.
(4) ∂f(S) 
⋃
x∈S
∂f(x)????????????
?? (1)?????? [9]?? 4 (3)????? x ∈ S ?????∂f(x)?
????????
f ′(x; ·) = δ∗( · | ∂f(x)) sup
x∗∈∂f(x)
〈x∗, · 〉
???????????
α  sup
x∗∈∂f(S)
sup
‖z‖=1
〈x∗, z 〉
= sup
‖z‖=1
sup
x∈S
sup
x∗∈∂f(x)
〈x∗, z 〉 = sup
‖z‖=1
sup
x∈S
f ′(x; z).
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??????S ????????? 5? 1????f ′(x; z)? x ∈ S ????
???????????? z ∈ Rn ?????g(z)  supx∈Sf ′(x; z)????
???g(z)???????? {f ′(x; ·) |x ∈ S}??????????? [5]?
? 1????????????????????
α = sup
‖z‖=1
sup
x∈S
f ′(x; z) = sup
‖z‖=1
g(z)
???????
(2)(3)????z = 0????????????z = 0??????
∀x ∈ S, z ∈
{
z ∈ Rn
∣∣ ‖z ‖ = 1} :
f ′(x; z)  sup
‖ z ‖=1
sup
x∈S
f ′(x; z) = α
=⇒ ∀x ∈ S, z ∈ Rn, z = 0 :
f ′
(
x;
z
‖ z ‖
)
=
1
‖ z ‖f
′(x; z)  α, ∴ f ′(x; z)  α‖ z ‖.
???
∀x, y ∈ S, x = y :
f(y)− f(x) = f(x+ 1(y − x))− f(x)
1
 inf
θ>0
f(x+ θ(y − x))− f(x)
θ
= lim
θ↓0
f(x+ θ(y − x))− f(x)
θ
= f ′(x, y − x)  −f ′(x, x− y).
????z  x− y‖x− y ‖ , ‖ z ‖ = 1?????
f(x)− f(y)  f ′(x; x− y) = ‖x− y ‖f ′
(
x;
x− y
‖x− y ‖
)
= ‖x− y ‖f ′(x; z)  ‖x− y ‖ sup
‖z‖=1
sup
x∈S
f ′(x; z)
= α‖x− y ‖.
(4)???? (1)????∂f(S)?????????????∂f(S)???
??????????(x∗i )i∈N , x
∗
i ∈ ∂f(S)? x∗ ????????????
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??x∗i ∈ ∂f(xi)???? (xi)i∈N , xi ∈ S ????S ??????????
????????????????????????????(xi)i∈N , xi ∈ S
??? x ∈ S ???????????????????
(xi, x∗i )i∈N , x
∗
i ∈ ∂f(xi), (xi, x∗i ) → (x, x∗) (i→∞),
?????????? 4????x∗ ∈ ∂f(x) ⊂ ∂f(S)?????∂f(S)???
????? 
?? 3 ???????
??12) ρ : Rn → Rn ??x∗i ∈ ρ(xi)?????? (xi, x∗i )??????
m ∈N ??????? (xi, x∗i )i∈{0,1,2,··· ,m} ?????
∀m ∈N :
m∑
i=0
〈xi+1 − xi, x∗i 〉  0, ????m+ 1 = 0,
??????????????????????????? ρ???????
Gρ?
Gρ 
{
(x, x∗) ∈ Rn ×Rn
∣∣ x∗ ∈ ρ(x)}
???????????????????????????????????
?????????
?? 4 ???? f : Rn → R ∪ {∞}???? ∂f : Rn → Rn?
∂f(x) 
{
x∗ ∈ Rn
∣∣ ∀z ∈ Rn : f(z)  f(x) + 〈x∗, z − x〉}
????????????
?? x∗i ∈ ∂f(xi)?????? (xi, x∗i ) ∈ Rn ×Rn ?????? m ∈ N
??????? (xi, x∗i )i∈{0,1,2,··· ,m} ???????? ∂f ???????
∀i ∈ {0, 1, 2, · · · ,m} : 〈xi+1 − xi, x∗i 〉  f(xi+1)− f(xi),
????m+ 1 = 0
??????
m∑
i=0
〈xi+1 − xi, x∗i 〉 
m∑
i=0
[f(xi+1)− f(xi)] = 0? 
12) ?????????
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?? 8 ?? ρ : Rn → Rn ??????? ( i )(ii)???????
( i ) ρ????????????
(ii) ∃????? f : Rn → R ∪ {∞}∀x ∈ Rn : ∂ρ(x) ⊂ ∂f(x).
?? (ii)⇒ ( i )?x∗ ∈ ρ(x)??? x∗ ∈ f(x)?????? 4??????
??∂f ??????????????ρ????????????( i )⇒(ii)?
???????????
Gρ
{
(x, x∗) ∈ Rn ×Rn
∣∣ x∗ ∈ ρ(x)} = ∅
??????(x0, x∗0) ∈ Gρ ?????????? (xi, x∗i ) ∈ Gρ ?????
? m ∈N ??????? (xi, x∗i )i∈{0,1,2,··· ,m} ?????f ?
? f(x) sup
m∈N
(xi,x∗i )i∈{0,1,2,··· ,m}
{
〈x− xm, x∗m〉+
m−1∑
i=0
〈xi+1 − xi, x∗i 〉
}
,
????m+ 1 = 0,
?????????ρ????????????????f(x0) = 0?????
????m ∈N ??????????? (xi, x∗i )i∈{0,1,2,··· ,m} ????
∀i ∈ {0, 1, 2, · · · ,m} : (xi, x∗i ) = (x0, x∗0)
??????????f ?????????????????????? [4]
?? 8?????????????????????? (x, x∗) ∈ Gρ ???
??(x, x∗) ∈ G∂f ???????????
? ∀α ∈ R, α < f(x)∀z ∈ Rn : f(z) > α+ 〈z − x, x∗〉
?????????????????? α < f(x)?????f ??????
??????? (xi, x∗i )i∈{0,1,2,··· ,m}, (xi, x
∗
i ) ∈ Gρ ??????
? 〈x− xm, x∗m〉+
m−1∑
i=0
〈xi+1 − xi, x∗i 〉 > α,
???????f ????????
????? (xi, x∗i )i∈{0,1,2,··· ,m}????
(
xm+1, x
∗
m+1
)
∈ Gρ
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?????? z ∈ Rn ????
? f(z)  〈z − xm+1, x∗m+1〉+ 〈xm+1 − xm, x∗m〉+
m−1∑
i=0
〈xi+1 − xi, x∗i 〉
????????? xm+1 = x, x∗m+1 = x∗????????????????
f(z)  〈z − x, x∗〉+ 〈x− xm, x∗m〉+
m−1∑
i=0
〈xi+1 − xi, x∗i 〉
> α+ 〈z − x, x∗〉.
????????????? 
?? 9 f : Rn → R∪ {∞}??????????f???????????
?????? ∂f : Rn → Rn ????????????????? f ???
?????????????????????
?? ?? 4????∂f ??????????????∂f ???????
????????????????∂f ???????????????? 8
????
? ∃????? g : Rn → R ∪ {∞}∀x ∈ Rn : ∂f(x) ⊂ ∂g(x)?
??????????f +?? = g ?????????????????
?? 1 x ∈ dom∂f ?????? x∗ ∈ Rn ???? x∗ ∈ ∂f(x) ⊂ ∂g(x)
????x ∈ dom∂g ????x ∈ dom∂g ?????? x∗ ∈ Rn ???? x∗
∈ ∂g(x)????g(x) ∈ R??????x ∈ domg ?????????????
? [9]?? 4????
(domf)I ⊂ dom∂f ⊂ dom∂g ⊂ domg,
???????? [9]?? 4?????? 2(1)???
∀x ∈ (domf)I ⊂ domg∀y ∈ Rn :
f ′(x; y) = sup
x∗∈∂f(x)
〈x∗, y〉  sup
x∗∈∂g(x)
〈x∗, y〉  g′(x; y),
∴ −g′(x; −y)  −f ′(x; −y)  f ′(x; y)  g′(x; y).
??????? x1, x2 ∈ (domf)I ⊂ domg ????????? h, k : Rn →
R ∪ {−∞, ∞}?
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h(λ)  f
(
(1− λ)x1 + λx2
)
, k(λ)  g
(
(1− λ)x1 + λx2
)
,
??????????
∀λ ∈ [ 0, 1] :
{
k′−(λ)  h′−(λ)  h′+(λ)  k′+(λ),
(1− λ)x1 + λx2 ∈ (domf)I ⊂ domg.
????
[ 0, 1] ⊂ (domh)i =
{
λ
∣∣ (1− λ)x1 + λx2 ∈ (domf)I}
⊂
{
λ
∣∣ (1− λ)x1 + λx2 ∈ domg} = domk,
???????? 2? 2.1????
f(x2)− f(x1) = h(1)− h(0) =
∫ 1
0
h′+(λ)dλ
=
∫ 1
0
k′+(λ)dλ = k(1)− k(0) = g(x2)− g(x1).
????
? ∀x ∈ (domf)I ⊂ (domg)I ∃α ∈ R : g(x) = f(x) + α.
?????????????? f, g ???????? x1, x2 ∈ (domf)a ⊂
(domg)a ???????? ( 0, 1)????? h, k ???????
( 0, 1) ⊂ (domh)i ⊂ (domk)i
?????????? [4]?? 10????f(x1) = h(0) = limλ↓0 h(λ), f(x2) = h(1) = limλ↑1 h(λ),g(x1) = f(0) = lim
λ↓0
k(λ), f(x2) = f(1) = lim
λ↑1
k(λ)
????????????????
? ∀x ∈ (domf)a ⊂ (domg)a ∃α ∈ R : g(x) = f(x) + α.
???x ∈ (domf)a ??????f(x) =∞???????????
? ∀x ∈ (domf)a ∃α ∈ R : g(x)  f(x) + α.
??????????
? ∀x ∈ Rn∃α ∈ R : g(x)  f(x) + α.
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?? 2 ???? f∗, g∗ : Rn → R ∪ {∞}?????
f∗(x∗)  sup
x∈Rn
{〈x, x∗〉 − f(x)}, g∗(x∗)  sup
x∈Rn
{〈x, x∗〉 − g(x)}.
?? [6]?? 9??? [9]?? 5????
∂f∗(x∗) ⊂ ∂g∗(x∗)
??????????????????
? ∀x∗ ∈ (domf∗)a ⊂ (domg∗)a ∃α∗ ∈ R : g∗(x∗) = f∗(x∗) + α∗.
? ∀x∗ ∈ (domf∗)a ∃α∗ ∈ R : g∗(x∗)  f∗(x∗) + α∗.
????
? ∀x∗ ∈ Rn ∃α∗ ∈ R : g∗(x∗)  f∗(x∗) + α∗.
???????? (x, x∗) ∈ Rn ×Rn, x∗ ∈ ∂f(x) ⊂ ∂g(x)??????? [9]
?? 5????
f(x) + f∗(x∗) = 〈x, x∗〉 = g(x) + g∗(x∗), x ∈ domf, x∗ ∈ domf∗,
??????????????? (x, x∗) ∈ (domf)a × (domf∗)a ????
f(x) + f∗(x∗) = f(x) + α+ f∗(x∗) + α∗.
?????α∗ = −α???????? (x, x∗) ∈ Rn ×Rn ????
g∗(x∗)  f∗(x∗) + α∗, −g∗(x∗)  −f∗(x∗)− α∗
=⇒ 〈x, x∗〉 − g∗(x)  〈x, x∗〉 − f∗(x)− α∗
=⇒ sup
x∗∈Rn
{〈x, x∗〉 − g∗(x)}  sup
x∗∈Rn
{〈x, x∗〉 − f∗(x)} − α∗
=⇒ g∗∗(x) = g(x)  f∗∗(x)− α∗ = f(x) + α.
?????
? ∀x ∈ Rn ∃α ∈ R : g(x)  f(x) + α.
???????α ∈ R??????????????? 
?? 4 ???? monotone multivalued mapping
?? ρ : Rn → Rn ??
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∀ (x0, x∗0) , (x1, x∗1) ∈ Gρ, : 〈x1 − x0, x∗1 − x∗0 〉  0,
????Gρ 
{
(x, x∗) ∈ Rn ×Rn
∣∣ x∗ ∈ ρ(x)} ,
??????????????????????????m = 1??????
???????
?? 5 n = 1???????? ρ????
Gρ 
{
(x, x∗) ∈ R×R
∣∣ x∗ ∈ ρ(x)}
?????????? R2 ?????????????????? 9????
? 3????n = 1??????????????? ρ???????? Γ
???????????????????????????????n > 1?
???????????????????????
?? 6 n > 1????Q? n??????ρ : x ∈ Rn → Qx ∈ Rn?
Gρ 
{
(x, x∗) ∈ Rn ×Rn
∣∣ x∗ = Qx}
??????? ( i )(ii)?????( i )??? (ii)?????(ii)?? Q???
????? ( i )??????
( i ) ρ?????????????????
∀m ∈N :
m∑
i=0
(xi+1 − xi)Qxi  0, ????m+ 1 = 0.
(ii) Q?????????????????
∀x ∈ Rn : xQx  0.
?? ( i )⇒(ii)??????????? x0 ∈ Rn ?????x0Qx0 < 0?
???????
(yi, y∗i )i∈{0,1,2,··· ,m} (αx0, αQx0), (xi, Qxi)i∈{1,2,··· ,m},
??????????? α ∈ R+ ?????????
m∑
i=0
(yi+1 − yi)Qyi = α(x1 − αx0)Qx0 +
m∑
i=1
(xi+1 − xi)Qxi
= −α2x0Qx0 + αx1Qx0 +
m∑
i=1
(xi+1 − xi)Qxi > 0
— 26 —
??????????????????
???????????? ( i )??????
(ii)?? Q???⇒( i )???? m ∈N ?????
m∑
i=0
(xi+1 − xi)Qxi
=
m∑
i=0
[
xi+1Qxi − 12
(
xiQxi + xi+1Qxi+1
)]
=
m∑
i=0
[
xi+1Qxi − 12
{(
xi − xi+1 + xi+1
)
Qxi
+
(
xi+1 − xi + xi
)
Qxi+1
}]
=
m∑
i=0
[
xi+1Qxi − 12
{(
xi − xi+1
)
Qxi + xi+1Qxi
−
(
xi − xi+1
)
Qxi+1 + xiQxi+1
}]
= −1
2
m∑
i=0
(
xi − xi+1
)
Q
(
xi − xi+1
)
 0. 
?? 7 ?? 5????????n > 1????Q? n?????????
????ρ : x ∈ Rn → Qx ∈ Rn ??????????????
∀x0, x1 ∈ Rn : (x1 − x0)Q(x1 − x0)
= (x1 − x0) tQ (x1 − x0)
= (x1 − x0)
[
1
2
(Q+tQ)
]
(x1 − x0)
?????????? (Q +tQ)????????????ρ???????
????
??
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